Abstract: Achieving on-chip optical wavelength conversion is a long-pursued object with fundamental difficulty in integrated photonics. As a step toward this goal, we theoretically and numerically demonstrate that wavelength conversion can be realized in a high-Q photonic crystal nanocavity, without any phase matching and high power requirement. The wavelength conversion efficiency of nearly 100% is achieved for a broad conversion range, and the mechanism is attributed to the dynamic interaction between the trapped light and an ultrahigh-Q cavity.
Introduction
All-optical frequency conversion is an important method to obtain new light sources that can be used for various applications, e.g., generation of specific wavelengths for medical treatment, signal processing and communications [1] , [2] . To obtain a new frequency, many methods, including second-harmonic generation, cross-phase modulation, four-wave mixing, and Raman frequency shift, have been developed [3] - [5] . So far, most of the proposed frequency-shift phenomena are correlated with nonlinearity [3] - [6] , and some special conditions (e.g., rigorous phase matching, ultrahigh pump power density) have to be satisfied. Accordingly, it is quite difficult to realize high efficiency for weak light on a tiny chip. Recently, a linear approach named adiabatic wavelength conversion (AWC) was theoretically and experimentally demonstrated [7] - [11] . By changing the refractive index of a resonator, the trapped optical pulse inside the resonant cavity can be adiabatically tuned. Upham et al. further pointed out that AWC could also be realized by dynamically controlling the refractive index of a waveguide as the signal pulse propagate along it [11] . However, the wavelength shift is limited by the index change (commonly no more than 1 nm) and is efficient only for a short pulse [7] - [11] . From a practical point of view, it is more attractive to achieve much bigger wavelength shift, and this method should also apply to continuous-wave (CW) light. In this paper, we propose a new approach (which is essentially different from the existing methods) towards this goal, and the underlying physical mechanism is revealed.
Theory
To begin with, let us consider what will happen when a CW pump light at frequency ! is trapped inside an ultrahigh-Q cavity (this can be done by many means such as by introducing a current source or quantum dots inside the cavity), whose resonant frequency ! 0i is not equal to !. Intuitively, in this case, no standing wave can be "steadily" formed inside the cavity since ! is not equal to ! 0i ; therefore, the phase of the trapped light will be dynamically altered, which will lead to the production of new frequencies. To describe the dynamic interaction between the trapped CW light and an ultrahigh-Q cavity more precisely, either Maxwell equation or quantum electrodynamics can be employed, since it has been confirmed that the mode density is the same classically or quantum electrodynamically, as far as the influence of the cavity is concerned [12] , [13] . Here, we will for the first time to use coupled mode theory (CMT, which essentially originates from Maxwell equations) [14] to investigate how the cavity modes are excited by the trapped pump light, in a very concise fashion. Suppose the high-Q cavity has N resonant modes, and for the ith mode, the corresponding resonant frequency, electric field, and Q factor are ! 0i , E i and Q i , respectively, such that jE i j 2 corresponds to the energy in the ith mode, and the photon-lifetime of the ith cavity mode is
Without loss of generality, a CW current source, which has the form of j ¼ jðr Þe j!t , is introduced inside the high-Q cavity to act as the pump light. According to CMT, we have
where i ðr Þ is the ith homogeneous eigenfunction for the resonant nanocavity, n 0 is the linear refractive index of the cavity medium, and " 0 is the permittivity of vacuum. The rightmost term in (1) describes the coupling of the pump source and the cavity modes, and this coupling will be affected by the location of the pump source inside the cavity, as has been testified by several reported results [15] , [16] . Using the method of separation of variables, it is not difficult to obtain the solution of (1):
where J i ðr Þ is determined by
Equation (2) clearly indicates that each cavity mode at frequency ! 0i is successfully excited with a lifetime i , (which is essentially proportional to Q i ), and the intensity of each excited cavity mode follows a Lorentzian, which is in accordance with the cavity density of states calculated by cavity quantum electrodynamics [17] . In an ultrahigh-Q cavity, the lifetimes of the excited cavity modes will be significantly prolonged, and (2) can be approximately simplified as
Known by (4), the intensity of the ith excited cavity mode is proportional to jJ i ðr Þj 2 =ð! À ! 0i Þ 2 , so that a cavity mode at frequency nearer to ! will be excited more significantly. Specially, in the case of ! ¼ ! 0i , some algebra shows the limit of (4) is
Thus, the value of jJ i ðr Þj 2 can be calculated once the on-resonance intensity of the ith mode at any given moment is recorded.
Equation (5) also suggests that in an ultrahigh-Q cavity, once a pump light contains the spectral component of ! 0i , then the intensity of the cavity filed at ! 0i will increase rapidly with time ð/ t 2 Þ. As a comparison, when the spectrum of the pump light is delta-function alike (namely, a monochromatic CW source) to cover NOTHING of the cavity modes (i.e., ! 6 ¼ ! 0i ), then according to (4), the intensities of the excited cavity modes will keep almost invariant (since in this case the coefficient of the term "e j! 0i t " is independent of time). Therefore, this distinct difference can be regarded as an effective criterion to judge whether or not the CW pump source is really monochromatic, as will be shown below.
Further, according to (4), the relative magnitude r m;n of arbitrary two cavity modes at frequency ! 0i ði ¼ m; nÞ can be written as
Known by (5), the ratio of jJ m ðr Þj 2 =jJ n ðr Þj 2 is actually equal to the relative peak intensity of the mth and nth resonant modes, which can be readily detected by a single simulation.
Numerical Demonstration
As an example of the general theory, we study a two-dimensional (2-D) photonic-crystal (PC) system. As depicted in Fig. 1(a) , the system consists of a square lattice (15 Â 15) of dielectric rods with a refractive index of n 0 ¼ 3:4 and a radius of 0:2a, where a ¼ 650 nm is the lattice constant. The resonant cavity is created by substituting the central rod with a 520 nm Â 520 nm square one ðn 0 ¼ 3:4Þ. To demonstrate numerically the above-mentioned theoretical analysis, finite-difference time-domain (FDTD [18] simulations are performed on this PC structure. The grid sizes in the horizontal and vertical directions are all chosen to be a=40 (further increasing the resolution changes the results by less than 0.02%), and a perfectly matched layer (PML) of 1 m is employed as absorbing boundary.
To obtain the initial information of the cavity modes, a TM-polarized ultrashort pulse with Gaussian spatial shape is employed to make an excitation, and the spectrum is recorded by a monitor set inside the cavity. It is found that the first band gap of the 2-D PC for the TM polarization ranges from 0.2853 ð2c=aÞ to 0.4227 ð2c=aÞ (c is the velocity of light in vacuum), and two resonant modes are located at ! 01 ¼ 0:4008 ð2c=aÞ (or 01 ¼ 1621:8 nm) and ! 02 ¼ 0:4184ð2c=aÞ (or 02 ¼ 1553:5 nm), respectively, with linewidths of 1 ¼ 2:9 Â 10 À7 ð2c=aÞ and 2 ¼ 3:8 Â 10 À7 ð2c=aÞ, which correspond to Q 1 ' 1:4 Â 10 6 and Q 2 ' 1:1 Â 10 6 , respectively. The initial relative peak intensity of these two resonant modes (equal to jJ 1 ðr Þj 2 =jJ 2 ðr Þj 2 Þ is 1.56:1, as shown in the inset in Fig. 1(b) . Now, let us turn to the examination of the responses of the cavity modes under the excitation of CWs. The CW excitation is smoothly turned on to avoid numerical noise, and its spectrum exhibits a delta-function-like shape, as shown by the central peak at frequency ! in Fig. 1(b) (the actual spectral width of the CW source is about zero, since the emission time of the CWs is set to be infinite. However, the detecting time of the monitor is always limited, as well as the detecting spectral resolution, so that the detected spectral width of the CWs is commonly a little bigger than zero due to the limited detecting resolution, but it makes no influence on the fact that the CW source is monochromatic, since the monitor and the CW source are actually independent). When a CW light at frequency ! ¼ ð! 01 þ ! 02 Þ=2 ¼ 0:4096ð2c=aÞ (or ¼ 1586:9 nm so that j! À ! 01 j ¼ j! À ! 02 j) is emitted from the central cavity, the cavity spectrum is obtained, as plotted in Fig. 1(b) . One can see that the two cavity modes are equally excited, and the relative peak intensity of them keeps invariant (equal to 1.56:1), as predicted by (6) .
Although the spectrum of the CW excitation does exhibit a delta-function-like shape, one might still doubt whether or not the spectrum of the CW pump light contains the components at ! 0i , and the emergence of the new frequencies at ! 0i is perhaps due to something like filtering effect. To make a judgment, we can use the criterion presented above: in an ultrahigh-Q cavity, if the spectrum of the pump light covers ! 0i , then the intensity of the cavity field at ! 0i ðI i Þ will increase rapidly with time ð/ t 2 Þ; otherwise, I i will keep invariant. Fig. 2(a) records the intensities of the excited cavity modes at different time under the pump of a CW light at ! ¼ ð! 01 þ ! 02 Þ=2, and one can see clearly that I 1 and I 2 are almost independent of time, which is exactly right the symbol of a monochromatic CW excitation. To further show this, a short pulse, instead of the CWs, is employed to act as pump source, for comparison purpose. It is well known that a short pulse can be regarded as a superposition of a series of CWs, so that its spectrum should contains the components at ! 0i to some degree. As an example, when the ultrahigh-Q cavity is pumped by a 60-ps short pulse centered at ! ¼ ð! 01 þ ! 02 Þ=2, the evolutions of the intensities of the cavity fields at ! 0i are recorded, as plotted in scattered dots in Fig. 2(b) . In this case, the intensities of the cavity fields at ! 0i do increase rapidly with time, and are all rigorously proportional to t 2 , just as predicted above [the solid lines are the theoretically calculated results according to (5) ]. The distinct difference between Fig. 2(a) and (b) clearly shows that the criterion presented above is quite effective and sensitive, from which we can explicitly judge that the CW excitation used here is indeed monochromatic. Therefore, the physical mechanism presented in this paper is essentially different from the filtering effect.
In addition, we should point out that the existence of the peak at ! in Fig. 1(b) is just because the CW pump source keeps on emitting. If we shut off the source at any moment (before that, the pump time should be long enough to distinguish a short pulse as employed in AWC), then the rest of the pump light will go on bouncing inside the ultrahigh-Q cavity for many rounds because of the bandgap-effect-induced reflection, until the rest energy of the pump light eventually all be transferred into the cavity modes, due to the dynamic interaction between the trapped CW light and an ultrahigh-Q cavity. This has been testified by our FDTD simulations, as shown in Fig. 3 . One can see that once the CW pump source is shut off at the moment t s ¼ 32 000ða=cÞ, the component at ¼ 1586:9 nm disappears gradually, while the excited cavity modes are survived and even strengthened. Considering the energy is conserved during the conversion process in such an ultrahigh-Q cavity so that the lost energy of the pump light will almost all flow into the cavity modes. This view has been further numerically testified by Fig. 4 : the total cavity field intensity of the excited cavity modes and the survived pump light ðI 1 þ I 2 þ I ! Þ is almost kept invariant, even if the pump light is shut off at t s ¼ 32 000ða=cÞ so that the decrease of I ! must be equal to the total increase of I 1 and I 2 at any moment. This means a nearly 100% conversion efficiency is achieved for a broad conversion range over 60 nm, which is about two orders of magnitude wider than the reported results obtained by other linear methods (e.g., AWC) [7] - [11] . The further numerical calculations (by changing the number of the rods on each side of the cavity) show that the wavelength conversion efficiency is a function of Q factor and will grow exponentially with the increase of Q, until it accesses a saturation value. For example, when Q ' 60 000, the conversion efficiency will be 85%, while when Q ' 1:1 Â 10 5 , the conversion efficiency reaches 94%, which is very close to the saturation value. The similar phenomenon can also be observed for other frequency detunings of the pump light.
To guide the flow of the light at resonant frequencies, another defect cavity, whose size and material are exactly the same with the central one, is introduced into the PC system, as shown in Fig. 5(a) . Fig. 5(b) and (c) is the transmission spectra when the cavity is pumped by a CW light at frequency ! ¼ 0:4096ð2c=aÞ. It is clearly shown that the excited cavity modes have been coupled out with high efficiency. Simultaneously, the initial peaks at ! 01 and ! 02 are all split into two peaks that are very close, due to the coupling effect between the two resonant cavities [19] , [20] , and the frequency splits Á! 01 and Á! 02 are normally different. As a result, two Fig. 3 . Evolution of the cavity field when the CW pump light is shut off at t s ¼ 32 000ða=cÞ. long-period oscillations with different periods (2=Á! 01 and 2=Á! 02 ) will interact, leading to a complicated oscillation, as shown in Fig. 5(d) .
Fortunately, the frequency splits of the resonant modes can be tailored by changing the cavity-coupling effect. To see this more clearly, in Fig. 5(b) and (c), we plot the transmission spectra with respect to different distance l between the centers of the two cavities: l ¼ 4a and l ¼ 5a, respectively. It is readily found with the increase of the distance, the split of the resonant frequencies is significantly suppressed, resulting in a more stable output in time domain, as shown in Fig. 5(e) . On the other hand, the cavity-cavity coupling effect also reduce the Q factor of the central cavity, and the lifetimes of the excited photons will be accordingly shortened. As a result, the envelopment of the intensities of the excited cavity modes will decay exponentially with time, as predicted by (2) . However, this decay can be well controlled by simply increasing the distance between the two cavities to weaken the cavity-cavity coupling effect [that is why the decay in Fig. 5(e) is much weaker than that in Fig. 5(d) ] so that the lifetime of the excited cavity modes can be significantly prolonged, and the excited photons can be timely coupled out before they are dying out. Obviously, it is critical for actual applications.
The insets in Fig. 5(d) and (e) show the detailed views in two different time slices. One can see clearly that many beats arise with period of ÁT 2 ¼ 58ða=cÞ, which is exactly equal to "2=ð! 02 À ! 01 Þ," Recall that the superposition of two monochromatic fields of "E 1 cosð! 01 t Þ" and "E 2 cosð! 02 t Þ" (where E 1 and E 2 are the corresponding field amplitudes, and the intensity of the superposition is jE 1 cosð! 01 t Þ þ E 2 cosð! 02 t Þj 2 Þwill lead to the same beats, and therefore, the appearance of these beats is the symbol of the interaction between the components of ! 01 and ! 02 in the transmitted light. This is good evidence that the excited cavity modes with frequencies ! 01 and ! 02 have been efficiently produced and extracted out.
The approach discussed above is quite general and can also be applied to the case of multiple pump sources (just simply add a series of terms similar to the rightmost one in (1) by assuming that each pump source independently contributes to the cavity modes emission) and other 2-D or 3-D photonic structures. The key elements of this approach are ultrahigh-Q cavity and 
internal pump source (e.g., introducing a current source or quantum dots inside the cavity), both of which can be experimentally realized [21] - [23] . For example, in [23] , Strauf et al. demonstrated that lasing could be realized inside a high-Q PC nanocavity, even if the cavity mode was in general off-resonant with the discrete quantum dot states. Besides, in actual photonic systems, the nanocavity might have losses (such as absorption loss or radiation loss). However, these losses can be well controlled to a very low level by current techniques and the ultrahigh-Q cavity can be therefore achieved [21] , [24] . Accordingly, the new physical phenomena presented in this work are realizable in actual experiments. Recently, many experimental results show a significant cavity mode emission even for large spectral detunings from a single quantum dot [15] , [16] , [25] , which cannot be well explained in the framework of the Jaynes-Cumming model. However, using the theory presented in this paper, these phenomena might be readily explained: under the off-resonance condition, the phase of the trapped light inside an ultrahigh-Q cavity will be dynamically altered (since no standing wave can be steadily formed inside the cavity), which leads to the excitation of the cavity modes.
Conclusion
In summary, we have investigated the physical mechanism of how to produce the photons at desired frequencies with the help of the dynamic interaction between the trapped CW light and an ultrahigh-Q cavity, and the theoretical predictions agree with the numerical experiments perfectly. The conversion efficiency from the pump light to the resonant modes of nearly 100% is achieved for a broad conversion range, which is about two orders of magnitude wider than the reported results obtained by other linear methods (e.g., AWC). The approach presented in this paper is promising in the fields of advanced photonic circuits, quantum information processing, and optical communications.
